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ON THE SACKS-UHLENBECK FLOW OF RIEMANNIAN 

SURFACES 

MIN-CHUN HONG AND HAO YIN 



Abstract. In this paper, we study an Q-flow for the Sacks-Uhlenbeck func- 
tional on Riemannian surfaces and prove that the limiting map by the a-flows 
is a weak solution to the harmonic map flow. By an application of the a-fiow, 

^-s we present a simple proof of an energy identity of a minimizing sequence in 

^•s ■ each homotopy class. 



1. Introduction 

Suppose that M is a Riemannian manifold and N is a closed manifold embedded 
in M. k . A critical point u of the Dirichlet energy 

E(u)-- I \Vu\ 2 dv 



M 

is called a harmonic map. 
^ ■ Harmonic maps between Riemannian manifolds can be thought of as a natural 

£N| | generalization of geodesies, minimal surfaces and harmonic functions. A fundamen- 

tal question is: Given a smooth map uq from M to TV, does there exist a smooth 
harmonic map representative in the homotopy class of uq! In a pioneering work [TJ, 
Eells and Sampson introduced the harmonic map flow and used it to deform an ini- 
tial map to a harmonic map in the same homotopic class if the sectional curvature 
of N is non-positive. In general, one cannot expect to have the existence of smooth 
harmonic maps into general target manifolds due to the fact that singularities do 
occur. From now on, we assume that M is a closed Riemannian surface, hence E(u) 
is conformally invariant. Under certain topological conditions of N, the existence 

S^ . of minimizing harmonic maps in a homotopy class was proved by Lemaire |llj and 

Schoen-Yau [21]. In a well-known paper [15] . Sacks and Uhlenbeck proposed a 
family of the perturbed functional 



E a ( u )= f a + iv u | 2 r 

Jm 



>M ' 



for a > 1. The advantage of the perturbed functional is that E a satisfies the Palais- 
Smale condition and therefore it is easy to obtain critical points of E a by either 
minimizing energy functional or Morse theory. When a —5- 1, the limiting map of 
critical points of E a is a harmonic map and a bubbling phenomenon occurs. 

On the other hand, Struwe [22] proved the global existence of the weak solution 
to the harmonic map flow and that the solution to the flow converges to a harmonic 
map as t — > oo. Chang, Ding and Ye [2] constructed an example that the harmonic 
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map flow blowups at finite time, so in general the limit harmonic map by the flow 
may not be in the same homotopy class of the initial map. 

In this paper, we study an a-flow for the perturbed energy E a in the same ho- 
motopy class of the initial map. More precisely, we consider the following evolution 
problem: 

(1.1) d t u = A M u + (a - i) V|Vm| '■ ^" + A(u)(Vu, Vu) 

1 + |Vu| 

with u(x, 0) = Uo, where Am is the Laplacian operator with respect to the Rie- 
mannian metric of M and A is the second fundamental form of N. We call (1.1) 
the Sacks-Uhlenbeck flow (or a-flow). We would like to point out that the a-flow 
is not the standard gradient flow, but the flow has some analytic advantage. 
At first, we have 

Theorem 1.1. For a given smooth map u$ : M — > N , there exists a unique global 
smooth solution u a {x,t) to the evolution problem \1.1\) in M x [0,oo). Moreover, 
for any ti — > oo, U a (-,ti) converges smoothly to a limit map u a , which is a critical 
point of the Sacks- Uhlenbeck functional for a — 1 sufficiently small. 

For each a > 1, let u a (x,i) be the global smooth solution to (1.1) in the same 
homotopy class with the initial map Uq from M to N. There is a nature problem 
to study the limit behaviour of the solution u a (x, t) as a — > 1 as one in [18] . Thus, 
we prove 

Theorem 1.2. (i) As a — > 1, the solution u a converges smoothly to u on M x 
[0, oo) \ £, where the concentration set £ is a closed set defined by 

£= P| iz e M x [0,oo)| liminf<F£(u Q ,z) >e } 

0<R<R M 

for some Eq to be determined. For the precise definition o/^^, see Section [3 

(ii) For any two positive t\ and t 2 , V 2 (Y, D (M x [ti,^])) * s finite, where V" 1 
denotes the 2- dimensional parabolic Hausdorff measure. Moreover, for any t £ 
(0, +oo), St = S (~l (M x {£}) consists of at most finitely many points. 
(Hi) u is a weak solution to the harmonic map flow. 

In fact, this result is similar to the one by the Ginzburg-Landau flow approx- 
imation. In [4], Chen and Struwe used the Ginzburg-Landau flow approximation 
to construct a global weak solution of the harmonic map flow for any dimension 
larger than two. Further results obtained by the Ginzburg-Landau flow were dis- 
cussed by Lin and Wang in [TS] . The method by the Ginzburg-Landau flow is very 
powerful to show the global existence and partial regularity of a weak solution to 
the harmonic map flow, but it seems that the flow loses control on the topological 
quantity of maps. The advantage of the Sacks-Uhlenbeck flow approximation is 
that the solution u a remains in the same homotopy class of u , therefore it seems 
that the Sacks-Uhlenbeck flow provides a nice geometric picture and can be used 
to have some geometric applications (see Theorem II .41 below) . 

Without the assumption of the energy inequality, weak solutions to the heat 
flow for harmonic maps may not always be unique (see [1] and |24j). so it is very 
interesting whether the limiting solution u by the Sacks-Uhlenbeck flow is the global 
weak solution u constructed by Struwe in [22] . Although we do not have a complete 



answer to the question, we can compare some property of u with the one of u in 
the following: 

Theorem 1.3. (i) The first concentration time for u a as a — > 1; i.e. 

T= inf t 

is the same as the first singular time of the Struwe's weak solution. Hence, u a 
converges smoothly to the Struwe's solution in M x [0,T). 
(ii) Consider the following two limits of measures 

k 
\Vu{-,t)\ 2 dv^ \Vu(-,T)\ 2 dv + ^2rhiSp t as t -> T 

i=l 
and 

k 
(1 + |Vuq(T, a)\ 2 ) a dv -> (1 + |Vu(-, T)\ 2 ) dv + J^ mSp, as a -»• 1. 

i=l 

Then k = k, pi = pi and rhi > m, . 

Moreover, we can obtain more refined information about the singularity points 
of u and E (see Lemma 13. 3p . 

In the final part of this paper, we apply the a— flow to study a minimizing 
sequence in a given homotopy class. Let m be a sequence of smooth maps mini- 
mizing E(u) = J M \Vu\ dv in a fixed homotopy class of maps. Since Ui is bounded 
in W 1 ' 2 , there is a weak limit u in W 1,2 (M, N). In general, u may not be in the 
same homotopy class, but we can show: 

Theorem 1.4. Let u be the weak limit of above minimizing sequence {ui}. Then 
it is a harmonic map from M to N and there exist harmonic maps u>k '■ S 2 — > N 
with k = 1, • • • , I such that 

I 
(1.2) lim E(ui) =E(u) + Y^ E(u k )- 

fc=l 

Moreover, ifTT 2 (N) is trivial, then Ui converges strongly to u in W 1,2 (M, N) and u 
is a minimizer in the homotopy class of Ui . 

The last part of this theorem can be compared with Theorem 5.1 of [18) . where 
under the same assumption that n2(N) is trivial, the existence of a minimizer in 
each homotopy class is proved (see also [21] and [11]). We improve the result a little 
by obtaining that every smooth minimizing sequence converges to such a minimizer. 
In the proof, we use the a— flow to modify the original minimizing sequence and 
study the blow-up of the new sequence as Theorem 5.1 in |18j . The energy identity 
of minimizers of the Sacks- Uhlenbeck functional was implicitly established by Chen 
and Tian in [3]. Our proof for the energy identity is different from one in [3J. 
Although the result of Theorem ll.4l mav be regarded as a consequence of the theory 
developed by Duzaar and Kuwert [B] , the advantage is that we can avoid to use the 
concept "weak homotopy class" of maps in the Sobolev space W 1,2 (M,N), which 
is formulated by big machinery. Finally, we would like to mention that the related 
energy identity of critical points of the Sacks-Uhlenbeck functionals was recently 
discussed by Li and Wang [13] and by Lamm [10] , 



Remark 1.5. After we finished a first version of this paper, Yuxiang Li informed 
us that in 14 they used a similar idea to show the energy identify for a sequence of 
minimizers of E a when a — y 1 . In fact, while Li and Wang in [14] used a reduction 
procedure of Ding and Tian [5], we use the bubble tree construction of Parker in 
[17] and Lemma \5.J\ to find the connecting geodesies, so our approach is different. 

The paper is organized as follows. In Section[2j we prove Theorem 1.1. In Section 
131 we give a proof of Theorem 1.2. In Section [H we complete a proof of Theorem 
1.3 except for the energy identity, which is proved in Section 

2. GLOBAL EXISTENCE AND CONVERGENCE OF Q-FLOW 



This section is devoted to the proof of Theorem 11.11 In local coordinates g = 
(gij), the a- flow can be written as 

1 ft / a \ a ij '— I Vul 2 — 

*■ - -Jul, (^S) + <■ - " f^t + ■ 4W(V - Vu) ' 

This system is a nonlinear parabolic system. For a smooth initial value uq, the local 
existence of the system can be shown (see below appendix for details in Section 6); 
i.e., there exists T > and a smooth solution u(x, t) defined on [0, T). The proof of 
Theorem ll.il follows if one can establish C k uniform estimates of u(x, t) independent 
of T for any t 6 [0,T). 

The first observation is that 

Lemma 2.1. If u{x,t) is a solution to the a— flow, then E a (u(-,t)) decreases in t. 

Proof. Multiply (jl.ip by (1 + |Vw| ) a ~ 1 dtu and integrate by parts. □ 

The next lemma is a local version of the energy inequality. 

Lemma 2.2. Let u be a solution to the a— flow. Then 

(2.1) / {l + \Vu{-M)\ 2 ) a dv< [ (l+|VuMO| 2 )^ + C^-=^£o 

JB R {x) JB 2R (x) ti 

for t\ < ti. Here Eq is some upper-bound of the overall energy. 

Proof. Let tp be a cut-off function supported in Br(x) and ip = 1 on Br/2(x). 
Multiplying the equation (jl.l[) by (1 + |Vu| )"~ 1 dtuip 2 , we obtain 

(l + IVul 2 )"- 1 !^! 2 ^ 2 ^ 

M 

= - f (l + lVul'r^VuV^Vdf- / (l + |Vu| 2 ) Q - 1 Vu^2(^V^ 
Jm dt J M dt 

< ~~i I (1 + \^u\ 2 ) a v 2 dv + i / (1 + \Vu\ 2 ) a - x \d t u\ 2 <p 2 dv 
Oi dt J M 2 J M 



■ f (l + lVufT^lVuf-^dv. 



Hence, 



(l-\\7u(-,t 2 )\ 2 ) a dv< I (l + |V U (-,t 1 )| 2 ) Q d W + C^ 2 -^iSo. 



B R (x) JB 2R (x) 



i? 2 



D 



The second key for the proof of Theorem 1 1.1 1 is to derive a Bochner type formula. 
We consider a scaled version of (|1.1|) for some r > 0, 

(2.2) 

(r 2 + iV-al 2 )"- 1 ^ = div ((r 2 + IVulV^Vu) + (r 2 + |Vu| 2 ) a-1 4(u)(Vu, Vu). 

Locally, we choose an orthonormal frame {ei, ei\. We use Vj for the first covariant 
derivative with respect to e.;. We denote by Uj% the second covariant derivatives 
of u and so on. Of course, we assume summation convention for repeated index. 
Then 

Lemma 2.3. Let u(x,t) be a smooth solution to the scaled a— flow k2.2\) . If a — 1 
is small, then the following Bochner type formula is true: 



(2.3) £e(u) - V 4 ( (% + 2(a - 1) o /^ l2 )V 3 e(n) ) < Ce(u)(e(v) + 1), 

i2 



where e{u) :— |Vu| z 



Proof. The proof is by computation. In the following proofs, we assume a — 1 is 
small whenever necessary. In a local frame, we have 

V i e(«) = 2«2«2 J . J |v 2 «| 2 = £ KU 2 

Then we have 

/ uV \ 

V, (<% + 2(a - 1) . ;,i |2 )V 3 -e( M ) 

/ |3 /3 7 7 \ 

= 2vAulul i + 2{a-l) * * g 



-2 



Vd 



(7 7 P P \ 
11 11 u 11 \ 
H + |Vu| y 

> ^|V 2 U | 2 + 2^ fc+ 4 (a -l)^|^-Ce( U ) 

/ 7 j9 /3 \ 

/ 11 11 11 \ 

> |V 2 u| 2 + 2u<y k ul + 2(a - 1) ' ^ - Ce(«). 

y h + |Vu| y 

Here we have used twice Ricci identity for switching third order derivatives. Using 
(2.2), we have 

d ( «f«f \ 

-e(u) - V, (fo + 2(a - IJ-^-^-^eCtOJ 

< -|V 2 u| 2 - 2u^V fe (A 7 (u)(Vm, Vu)) + Ce(u) 

< Ce(u)(e(u) + 1). 

D 

Using this Bochner formula, we can prove a small energy estimate following a 
method of Schoen [20] and Struwe [33]. In our case, the small energy assumption 



is automatically true because of the Holder inequality and the E a energy bound. 
More precisely, we have 

Lemma 2.4. There is a constant C independent of (x, t) for x £ M and t £ [0, T) 
such that 

\Vu\(x,t) <C. 

Proof. For any t £ [0,T), Lemma I2TT1 implies that 

{l + \Vu\ 2 ) a {t)dv<C. 



IM 

By the Holder inequality, there exists a uniform constant r$ > such that for all 
x £ M and t < T, 

/ |Vu(-,i)| dv < e . 

JB ro (x) 

Here eq is a small constant to be determined. Since u is smooth in M x [0, T), it 
suffices to prove the lemma near t — T. By choosing ro sufficiently small, we may 
assume r% < T. Take any xo & M and to £ ( r o>^)- Set 

P r = {(x,t)\x £ B r (x ) and t - r 2 , < t < t }. 
We can find p £ [0, r ] such that 



(ro — p) supe(u) = max < (ro — a) supe(w) 

P a CTG[0,r o ] ^ P a 



Let (x\,t\) be the point in P p such that 



If e(r - p) 2 < 4, then 



e = e(u)(xi,ti) = supe(w). 

Po 



{^f sup e(u) < e(r Q - p) 2 < 4, 



which means the lemma is proved. Hence, we may assume that e(ro — p) 2 > 4. Set 

x t 

v(x,t) = u(xi + —rj^ih + -) 

e l/z e 

for (x,t) £ -Bi(O) x [—1,0]. By our definition of v and the scaling invariance of 
Dirichlet energy, we have 



(2.4) sup / e(v)dv < e - 

te[-i,o]JBi(o) 

Moreover, we have e(v)(0, 0) = 1 and 

(2.5) sup e(v) < e" 1 sup e(u) < e' 1 e(r ° ~ff < 4. 

B!(0)X[-1,0] Pr-p+p (^0 Pr 



By Lemma 12.31 and (|2.5 



where 



<9 

— e(v) - Vi(oij(v)Vje(u)) < Ce(u), 



v i v i 

Qijiv) = % + 2(a - 1) — L - 



r z + \\/v\ 



The symmetric matrix (c%(v)) nas eigenvalues satisfy the uniform elliptic condition. 
In local coordinates, we can write the above inequality as 

„ , x 1 d ( n— u ,-. (a - 1) iudv^ i ,dv^ s de(v)\ ^ _ , , 
d t e(v) - -^=— yjsfts" + ,\ ,„ .a ^nr-^'nr-)-^ ^ Ce ^- 



| ff |'9xi I r 2 + |Vw| 2 dx k dxi dxj 

By a standard Moser iteration and (|2.4p . we have 

l = e(„)(0,0)<C( / e(^) 2 ) . 

\JBi(0)x[-l,0] ) 

By ()2.5|) . we obtain 

1 < C I e(v) < Ce , 

J Bi(0)x[-1,0] 

which is a contradiction if we choose £q small. □ 



Wc now complete the proof of Theorem 11.11 

Proof. Lemma 12.41 provides the C°— uniform estimate for u{x.t). Then we show 
higher order estimates. For x G M and T/2 <t <T, set P r = B r (x ) x [t — r 2 , to]- 
Suppose tp is a cut-off function supported in Pt/2 an d tp = 1 in Pj-m. Multiplying 
(|l.l|l by y>, we obtain 

(2.6) ^(tty) - A(«y) = ( Q -1) (V2( ^' V " )VM +7e[y, M; V M ] ! 

1 + Vu 



where 7?. is a term involving u, Vu and derivatives of p. By Lemma l2.4l and the LP 
estimate of linear parabolic equations, we have 

IIHIw/^(p t/2 ) ^ C ( a " !) II v2 (^ u )|Il P (p t/2 ) + C ' 
for any p > 0. When a — 1 is small, 

IIHIh^. P (p t/2 ) < c 1 - 

We then take one more space derivative of (|2.6|) to get 

d t (tpVu) - A(^Vu) = (a - 1) (V3( ^ ),VM 2 )VM + Qfo>,«, V«, V 2 u]. 

1 + |Vu| 

Here Q involves u, Vu, V 2 m and derivatives of tp. Using LP estimate again, we have 
(when a — 1 is sufficeintly small) 

IIHIw/3, P(Pr/2) < c, 

for any p. Therefore, 

\\d t v{pu)\\ LP{ p T/2) , ||v 2 (^)|| lp(Pt/2) < c. 

For p > 3, the Sobolev embedding theorem yields that 

I|v(<H|| c , (Pt/2) <c 

for some /3 > 0. We can now apply the Schauder theory for parabolic equations to 
obatin higher order estimates, which means that we can extend the solution u(x, t) 
smoothly to t — T. Then the local existence result for smooth initial data implies 
T = oo. □ 



3. The limiting behaviour of the Sacks-Uhlenbeck flow 

For a fixed initial map uo , it follows from Theorem 11.11 that there is a unique 
global solution u a to (| 1 . 1 [) in M x [0, oo) for each a > 1. In this section, we study 
the limit of the solutions u a as a -> 1. We start with two lemmas. The first one is 
another Bochner type formula. 

Lemma 3.1. Let u(x,t) be a classical solution to the scaled a— flow Ii2.ty) . If a is 
small, then there is a constant C > such that 

(3.1) -e„(u) - V 4 (% + 2(a - 1) x > |2 )Vje Q (u) < Ce„(«)(l + |V U | 2 ), 

or y r z + | Vu| y 

where e a (u) :— (r 2 + |Vu| ) a . 

Proof. Again, we assume a — 1 is small whenever necessary. 

/ P P \ 

' u7Ua ' 



i 3 

>■- -J- IVw! 



(% + 2(q - i)_-i-i- 5 )V i e Q (tt) 



= V, „(r 2 + \Vu\ 2 r-\5 l3 + 2(a - 1) % > |2 )2^. 
y H + |Vu| y 

= 2aV, ((r 2 + IVufr-'ulul + 2(a - l)(r 2 + |V U | 2 )«- 2 uf uf ^) 
((r 2 + IV^I 2 )"- 1 ^^ + 2(a - l)(r 2 + |V«| 2 ) a - 2 «7«K"w) 
((r 2 + IVufr^uM + «7^V fe (r 2 + IV^I 2 )- 1 ) 



2aVi 
2aV,- 



2aV 7 - 



u^VfcCuJ^ + IVnl 2 )"- 1 ) 



= 2a \ulf (r 2 + IV^I 2 )- 1 + 4a(a l)(r 2 + IV^ 2 )- 2 ^^ 
+2aulS7 l V k (u](r 2 + iVul 2 )"- 1 ) 

> a Wkif (^ + IV^I 2 )"" 1 + 2aulS7 k S7 l (u](r 2 + IV^ 2 )"- 1 ) - C(r 2 + \S7u\ 2 ) a 

> a \ul\ 2 (r 2 + iVufr- 1 + 2a(r 2 + ^uf)"- 1 ^^ 
2a(r 2 + |V«| 2 )°- 1 «2V fc (ilT(«)(V«,V«)) - C(r 2 + \Vu\ 2 ) a 

> \ yj (r 2 + IV^I 2 )- 1 + ^e a {u) Ce a {u){\ + \Vu\ 2 ). 

D 

The second lemma is a parabolic monotonicity formula. Such a formula for the 
harmonic map flow was first established by Struwe in |23j for the Euclidean case and 
by Chen and Struwe in [4] for general case. Let u be a solution to (jl.ll) . Suppose 
Rm is the injectivity radius of M. For a fixed point p in M, choose the normal 
coordinates {x{\ and a cut-off function ip supported in Br m {p) such that < ip < 1 
and tp = 1 in a neighborhood of p. For z — (p, to) with some to S [0, oo), set 

, , 1 h*i 2 



and 

^(u,z) = p 2a - 2 I {l + \Vu\ 2 ) a G z <p 2 y/\g~\dxdt, 

JT p (t ) 

where y/\g\dx is the volume element of M and T p (to) = M x [t — Ap 2 , t Q — p 2 ]. 

Lemma 3.2. Let u be a smooth solution to 11. 1]) defined on M x [0,oo) and 
E a (u(t)) < Eq. Then for z as above and for any < r < p < Rm , 

*?(u, z) < e<P- r ^ a p { Ul z) + cE (p - r), 
with a uniform constant c depending only on M and N . 

Proof. After a translation, we can assume to = and write ^ P (u) for ^! p (u,z). 
Letting u p {y,s) = u{py,p 2 s), we obtain 



*/>(«)= / + 9 l3 {py)dy % u p d V] u p ) a G^{py)^/\g\{py)dyds. 

In the following, for simplicity we write g^ for g^ (py) and the same convention 
applies to tp, Vg y and so on. Here we use V to denote the gradient in local 
coordinates; i.e. (g§-, g§-) and V to denote {--Br, gf-)- Denoting -^-u p by u Pt i, we 
have 

d_ 

dp 

a{p 2 + 9 ij Up,iU p ,j) a - 1 (2p + y ■ Vg ij u p ,iUp,j + 2g ij u p , l -^-) ■ G(p 2 ^/\g~\dy ds 
i Tl dp 

+ f (p 2 + g l iu p , lUpj rG^-(v 2 V\g\)dyd S 

JTx a P 



-*» 



J u p , 

AUr. 



- J 2a— (/M(P 2 +9 ij u P , i u p , j ) a - 1 g i *u p , i G) ^<p 2 dyds 



Aa{p 2 +9 lJ u p> iUp < j) a 1 g l3 u Ptl d yj ipG^-ipy/\g\dy ds 
Ti dp 



+ a(p + g l3 u Pti u M ) a y ■ Vg l: >u Pti u p jG<p ^f\g\dyds 

JTx 

+ (P 2 + 9 ij u p ,iUpj) a G2(py ■ V(px/\g\dy ds 

JTx 

+ / {p 2 + 9 VJ u p ,u p , 3 TG V 2V -^^\g~\dyds 

JTx Z \9\ 

I + II + III + IV + V. 



By definition of u pi 

du - du 2s , 1 ~ du, 

—H=y.\7u + 2ps— = — — y -Vu p + —i 

dp at p 2s os 

Since u p satisfies, 



(p 2 + gv Up , iUptJ r- 1 ^ = A (/M(p 2 + g ij u P ,m Pd ) a - 1 g ii u P ,i) 



+{p 2 + g^u^upj) 01 l A(u p )(y Up , Vm p ), 



10 



wc have 



I >-2n / (j?+g ii u p ,iU pJ ) a - 1 ( dU '' 9l3up ' iVj ^ dUp ^ 2 



Ti 



(h 



2\s\ ' dp 



Gip yj\g\dyds 



> 



4alsl 



Ti P 

4a|s| 



(p +g l °u p ,iu p ,j) 



a-l 



<9u p y • Vm p 



> 



Ti P 



2a|s| 



{p z +g l3 u Pt iU Py j) c 



ds 2\s\ 

9 lJ u Pti yj y ■ Vu p 



Gip yj\g\dyds 



2\s\ 



Tj P 



(p z +g l3 u p ,iU P}j y 



du p y ■ Vup 



2\s\ 

2 



9u p 2/ • Vup 



9s 2|s| 



Gip \/\g\dyds 



ds 2|,s| 



Gip \/\g\dyds 



-C f -{p 2 +g^u p . l u p . 3 ) a - 1 
JTi P 



g l3 u P ,iyj y ■ Vu p 



Gip \f\g\dyds. 



Since {xi} are normal coordinates, we have \g lJ (py) — 5 13 | < Cp \y\. The absolute 
value of the last term is not bigger than 



C / p- V + g^iUpj)"- 1 \g ll ( P y) - <5^'| 2 |y| 2 K,,| 2 G^vlflfdyda 
< C f p- l {p 2 +g^u Ptl u M ) a - 1 p 2 \y\ A \u p . t \ 2 G^^]g~\dyd S 

JT-, 



< C {p z +g^u Ptl u Pt3 ) a {G + C)^^\g\dyds 

< CV p (u) + C max / p 2a - 2 (l + \\7u\ 2 ) a ip 2 ^/\g~\da 

-A<s<-1J M 

< C^ p {u) + CE , 



if p < 1. Here we use the fact that for s £ [—4, — 1], \y\ G < G + C. In summary, 
we have 



I > 



2a\s\ 



Ti P 

CV p (u) - CE 



(p +g %3 u p . i u p . : j) 



a-l 



du p y • Vitp 



ds 2\s\ 



Gip \f\g\dyds 
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For the remaining terms, we have for a sufficiently small e 



\H\ < e f (pi+g^u^u^r- 1 — 

JT X P 



du p _ y ■ Vu p 

ds ~ 2\s\ 



Gtp y/\g\dyds 



+C(e) / p-\p 2 +9 ij u Pt m pd Y- l (9 ij u Pii d yj ip) y/\g]dyds 

2 



JTi P 



du p _ y ■ Vu p 
~ds 2|s| 



Gtp yj\g\dyds 



+C(e) f pY,\d x M 2 {p 2 +9 lJ u P , l Up, ] r^\g~\dyd S 

Jt i k 

< -I + CV p (u) + CE + C max / p 1+2a ~ 2 (l + \\7u\ 2 ) a ^\dx 

2 -4<s<-iy M 

< h + C^ p {u) + CE . 

Here we use again p < 1 and G is bounded on Ti. There is some constant C 
depending only on the geometry of M such that Vg IJ and V \g\ are bounded by C. 
Therefore we have 



\III\ + \V\ < C^ p {u) + CE 



and 



\IV\ < ^ p (u) + cJ(p 2 +^u^u PiJ ) a \yV V \ 2 GV\F\dyd S 



< -V p (u) + CE , 



where we used the fact that \y\ G is bounded on T\. In conclusion, we show that 
for p < 1, 

d 



—V p (u)>CV p (u) + CEo. 

The lemma follows from integrating this differential inequality. 
With these preparation, we now prove Theorem 11.21 



□ 



Proof, (i) Let z% be a sequence of points in £ which converges to z = (£, t). For 
any < R < Rm, by the definition of S, we have 



lim inf R 

a— >1 



2 " ' ' ^oKlGziVyM^o. 

Tb( Zs ) 



Since J M e a (u a ) y/\g\dx is uniformly bounded by Eq and G 2i converges to Gz uni- 
formly away from z, we can take i — > oo in the above inequality and switch the 
order of limits to get 

liminf i? 2a ~ 2 / (p 2 e a {u a )G i \p\g\dxdt > e Q . 

Q ^ 1 JT R (z) 



Since R is arbitrary, we know z S S, which shows that £ is closed. 
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For any R > 0, since M x [t 1 , t 2 ] is compact, we can find a finite cover of £; i.e., 
Zi = (Xi,U) £ M x [t 1 ,* 2 ] such that 

i 

£n(Mx [i\* 2 ])c UQskW 

i=l 

and {<9i?,(^i)} are disjoint. Here Q r {z) is defined to be B r (x) x (t — r 2 ,t + r 2 ). 
Let ^ = (xi,U + R 2 ). For some constant 8 £ (0, 1/4) to be determined later, we 
have (by definition of £ and for a — 1 sufficiently small, in fact, for each i, a — 1 is 
required to be smaller) 

(3.2) ie < (5R) 2a ~ 2 [' f V 2 e a (u a )G z ^\dxdt 

Z Jt z -A6 2 R 2 JM 



< C{8)R 2a - i / e a (u a )y/\g\dxdt 

+C5- 2 e~T^(8R) 2a - 2 / / (p 2 e a (u a )G gi y^\dxdt 

Jti-48 2 B 2 JM 

for 1 < i < /. Here in the last step above, we use the fact that 

G Zl < 5- 2 e-^G- z% in B Ru { Xi ) X [fc - 4<S 2 i? 2 ,i l - £ 2 i? 2 ] \ Q R (z t ). 

By Lemma [3T2T the second term in the right hand side of (|3.2p can be estimated as 

C8- 2 e-T&^ R (u a ,Zi) < Cd^e-T^^^^u^z^ + Eo) 

< C{E ,t l )8- 2 e'^. 
Hence, we can choose 6 small to make it smaller than Eq/A. Therefore, 



R 2 < R A - 2a < C [ e a (u a )y^\dxdt. 

JQh 



IQr 

Since Qn(zi) are disjoint, we have 



i i 

E 

i— 



>i?) 2 <CJ2 I e a {u a )y/\g\dxdt < CE Q 
1 i=l JQn(*i) 



By sending R to zero, we see that "P 2 (£ n (M x [t 1 ,* 2 ])) is finite. One can prove 
that Ej is a finite set in a similar way. If it is an infinite set, then we can find I 
distinct points x\,- ■ ■ ,xi in £ t and R > such that B R (xi) are disjoint. For the 
same <5 > as before, we may repeat the above argument for (xt,t) to see 

1{5R 2 ) < CV [ e a {u a )^\dxdt < CE R 2 . 

i=1 JQR((xt,t)) 

This gives an upper bound on the number of points in E t . 

(ii) The proof in this part is similar to the proof of Theorem 11.11 When a is 
fixed, we know that there is no concentration for the Dirichlet energy, so we can 
use the small energy condition with (12.31) to obtain a C°-bound of the gradient 
as in Lemma f2 .41 However, as a goes to 1, the difference is that there may be a 
concentration point of the Dirichlet energy, but for z £ E, we can find 1/2 > R > 
such that 

liminf ^ R (u a ,z) < £o- 



13 

Claim: There is an eo > which we use in the definition of E and some 5 > 
and some constant C depending on N, R, Eq and eo such that 

\\^ U a k \\c°(P SR (z)) - C- 

Assume z = (0, 0) and set n = SR for some 5 < 1/2 to be determined. Suppose 
r, a G (0, ri), r + a < r\ and zq = (xo, to) G P r . We need to show 

a 2a "- 4 f e ak (u ak )dvdt < Ce 

JP<r{z ) 



if R and S small. To see this, Lemma T3 . 2 1 implies 
(3.3) a 2 "*- 4 / e ah (u ak )dvdt 



2a k -2 



< ca ak / e ah (u ah )G( X0!tQ+2lT 2)dvdt 

JPa(zo) 



< ca zak / <re ah (u ak )G {x(iM +<io*)dvdt 

JT a {t a +2a 2 ) 

< ce cR - a ^(u ak ,(xo,to + 2a 2 )) + cE (R - a). 

We can choose R to be small so that the last term is no larger than eo- 

(3.4) y a R k (u ak ,(x ,t + 2a 2 )) 

rt a +2cr 2 -R 2 /■ 

< cR 2ak ~ 2 / / tp 2 e ak {u ak )G( XoM+ 2a 2 )dvdt 

Jt +2a 2 -AR 2 JM 
— R 2 

< cR 2ak - 2 f ( V 2 e ak {u ak )G (xQM+2 «2)dvdt+{8R) 2 E Q R- 

J-AR 2 JM 

< cf% k {u ak ,(xo,to))+eEo + 5E . 



Here in the last line we used the fact that on T#, for any e > 0, we can find 5 so 
small such that 

G {xa ,t +2a 2 ) <cG{x,t)+eR- 2 , 
which is (2.18) of [4]. Hence, by choosing e, S properly, we have 

(3.5) a 2a "- 4 [ e ak (u ak )dvdt < Ce 

for any (xo,to) G P r and r + a < r\ = SR. 
We can find p G [0, ri] such that 

(n - p) 2ak sup e ak (u ak ) = max \ (n - cr) 2Qfc sup e ak (u ak ) \ . 
Let (xi,ti) be the point in P p such that 



eo = e afc (u a J(xi,ti) = supe afc (u Q J. 

p. 



If e (ri -/9) 2Qfc <4, then 



(!1)2°» sup e Qt KJ < eo(n ~p) 2ak < 4, 
2 ^ l/2 
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which means the claim is true. Hence, we may assume that eo(ri — p) 2ak > 4. Set 



A = e ° fc and 



x t 

v(x,t) = u ak (x! + -,ii + — ) 



for (x,t) G Bi(0) x [—1,0]. Then v satisfies a scaled a— flow equation 
(A" 2 + \7v\ a ) ak - 1 8 t v = div ((A" 2 + |Vv| a ) Q, *- ;L Vw) 

+(A~ 2 + | Vv| a ) 0, * _1 ^l(v)(Vv, V«). 

If we write e(v) for (A -2 + |Vi>| ) Qfc , then we have e(v)(0, 0) = 1 and 
sup e(v) < ep 1 sup e a (u a ) 

2 1 '"k 



Bi(0)x[-1,0] P ^ +l2 i/c k _ 1)p 



< eW 1 



e (n-p) 2ak 



n + (2 1 /°fc-l)p 1 2g, 

2a i, 






<5 



2l/a* - 1 

if k is large. By Lemma l3~Tl and (|3.6j) . 

where (a^ ) is a symmetric matrix whose eigenvalues satisfy uniform elliptic condi- 
tion. By a standard Moser iteration again, we have 



: e(v) - V l (a ij (v)V j e(v)) < Ce(v), 



1 = e(v)(0,0) <C / e(v) 

'Bi(0)x[-1,0] 



< CA 4 - 2Qfc / / (l + \du ak \) a "dvdt 

Jt-\- 2 JB 1/X (x) 

< Ce . 

Here in the last step, we used (|3.5[) . This is a contradiction if we choose eo small. 
This concludes the proof of the claim. 

We can establish higher order estimates for u ak in a smaller neighborhood as in 
the proof of Theorem 1 1 . 1 1 so that (ii) follows. 

(iii) Applying the uniform bound of Vw Q to (1.1), the same proof of Theorem 1.1 
yields that u a converges smoothly to u outside E. Then u satisfies the harmonic 
map flow equation on M x [0, oo) \ E. The rest of the proof is exactly the same as 
in Theorem 7.2.3 of [IB]. □ 

Let S{u) be the singular set of the weak limit u; i.e. for any {x, t) (fc S(u), there 
is r > such that u\B r ( x )x(t-r 2 ,t+r 2 ) is smooth. It follows from Theorem 11.21 that 

S(u) C E. 

In fact, thanks to the local energy inequality (|2.1[) . we can say more about the 
position of S(u) in E. A point z G E is said to be a rightmost point of E if for some 
r > we have 

En(B r (i) x (i-r 2 ,i)) = 0. 

Lemma 3.3. Every rightmost point o/E lies in S(u). 
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Proof. Let z = (x,t) be a rightmost point of £. Assume that z (£ S(u). By 
definition, there exist r± > and T2 > such that 

(3.6) En(S ri (a;)x(t-r?,t)) = 

and 

( 3J ) ll Vu llco(B I . 2 (x)x(t-r 2 ,t+r 2 )) ^ C - 

We may assume that ri > r2. There exists an R G (0, r2) depending only on the C 
in (13.71) and £o such that 

(3.8) \B R (x)\(l+4C 2 ) 2 <e /8. 

Given this R, we then hnd p > depending only on R, Eq and overall energy 
upperbound Eq such that 



(3.9) / {l + \Vu a \ z ) a e- — tp 2 dv<£ /8 
Jm\b r (x) 

for all s G (p 2 ,4p 2 ). Since 

(B K (i)x [t-4p 2 ,i-p 2 ])nE = 0, 

by (i) of Theorem 11.21 we have for k sufficiently large 

(3.10) \Vu ak \(y,s)<2C 

for y G Br(x) and se[(- 4p 2 , £ — p 2 ]. Now we can estimate for k large 



* a p »(u,(x,t)) = p 2 ^- 2 / (1 + |Vu a | 2 ) a G^ 2 <fcdt 

■/r„(t) 

< 3 max / (l + \Vu a ,\ 2 ) ak e~ 1 ^tp 2 dv 
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" 8 £o ' 
where we used (j3.8|) . (|3.9|l and (j3.10|) . This is a contradiction to the fact that 

(s,t)eE. D 

We now prove Theorem II .31 

Proof. Since the initial value is smooth, by uniqueness, u(x,t) — u(x,t) for t <T. 
(i) follows immediately from Lemma T3. 31 

For (ii), since u a converges smoothly to u away from Ey, we have E-r = {Pi}i = i- 
For x G M \ Et, by Theorem II .21 we know u is smooth on B r (x) x [T — r 2 , T + r 2 ] 
for some small r > 0. This implies that Vu is bounded on B r {x) x [T — r 2 ,T), 
which means that x is not one of the pis. On the other hand, if x is not a blow-up 
point for u at time T, then there exists r > such that 

(3.11) \\7u\(x,t)<C 

for (x, i) in B r (x) x [T — r 2 , T). The same proof as in Lemma l3~3l shows that x ^ Er- 
f-fence, {pi} and {pi} are the same set of points. Assume k = 1. ft remains to show 
in < m. For R > and (5 > 0, local energy inequality gives 

(3.12) f e a (u a )(T)dv< [ e a (u a )(T-6)dv + CE -^. 

JB R (p) J B 2R U 
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For any e > 0, choose R so that J B , ■, e(u){T) < e/6 and Vo\(B-2r{p)) < e/6. Let 
S > be a small number such that CE 0r j < s/6. Taking a — »• 1 in (j3.12|) . we have 

m< / e(u)(T-<5)efo + e/3. 

Finally, letting 5 go to zero, we obtain 



m< e(u)(T)dv + m + s/3<m + e/2. 

Jb 2 r( p ) 

The theorem follows by the arbitrariness of e. □ 

With Theorem 11.21 and Theorem 11.31 it is natural to ask whether u in Theo- 
rem 11.21 is the same as the Struwe solution after the first blow-up time. Given the 
nonuniqueness results [T] and |24) , one can not exclude the possibility that u is dif- 
ferent from the Struwe solution. On this issue, we would like to make the following 
remark, 

Remark 3.4. Consider maps from round S 2 to itself. According to |2], there exists 
an initial value map uq of degree three such that Struwe's solution blows up at some 
finite time T and the homotopy class of the solution is changed for t > T . Hence 
the a— flow solutions u a with the same initial value can not converge strongly to 
Struwe's solution after T . A natural question is what we can say about S. See [12) . 

4. An application 

In this section, we apply our results about the a— flow to the study of minimizing 
sequence of Dirichlet energy in a homotopy class. The following lemma is a variant 
of the main estimate in 18 . 

Lemma 4.1. Let w be a map from B\ to N satisfying the following scaled equation 
for some R > 0: 

(4.1) Aw + (a - 1) V |Vw| ■ V 2 W + A(Vw, Vw) = h, 

R 2 + \Vw\ 

where fceL 2 . There exists e > such that if E(w) < £o and a — 1 is sufficiently 
small then 

\\w - w\\ w2:2(Bi/2) < C(||Vw|| L2(Bi) + \\h\\ L2{Bi) ). 

Here w is the mean value of w on B\ . 

Proof. The proof is similar to the main estimate in |18] . During the proof, we write 
ll'llpo f° r IHIwp'«(b )• Multiplying the equation by <p and taking the LP norm, we 
have 

(4.2) ||A(^)|| p < 2(a-l) hw\\ 2p +C |||V(^)| |VH|| 0>p +C \M hp +C \\h\\ Qp . 
For 1 < p < 2, the Holder inequality implies that 

\\W<f»»)\ IVtelHoj, < \M<pw)\\o, q l|Vw|| 0l2 , 
where q = 2p/(2 —p). By the L p -estimate, for a — 1 small, we have 
|MI 2 , P < Ce ||V(^)|| 0)Q + C |Mli, P + C \\h\\ 0p . 
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If we further assume that eo is small, then it follows from the Sobolev embedding 
theorem 

\\<pw\\ 2 , P <c\W\i, P + c\\h\\ 0iP . 

Setting p = 4/3 and using Sobolev embedding again, we have 

IMIi,4 ^ C'GMIm/s + 11^110,4/3)- 

With this, we can apply the interior L 2 -estimate to (|4.1j) and multiply it by ip to 
get 

\\w - w\\ w2 , 2{Bi/2) < C(||Vu)|| i3(Bl) + \\h\\ L 2 {Bl) ). 

D 



We now prove Theorem II .41 
Proof. Since Ui is smooth, we can find on > 1 such that 

(4.3) E ai ( Ui ) < E( Ui ) + Vol(M) + -. 

1 

We then consider the a^— flow (|1.I|) with initial value Ui and denote the solution in 
Theorem 1 1. 1 1 by Ui(-,t). Multiplying (|1.I[) by (I + |Vw,| ) ai ~ 1 dtUi and integrating 
by parts, we obtain a global energy inequality 

E ai {u i )=E ai (u i (;l))+ f [ (I + IV^I 2 )"'- 1 !^^! 2 ^^. 

JO J M 

By 63), 

lim £ a ,(u») = lim E(ui) + Vol(M). 

Since u^ is a minimizing sequence of E, 

lim E ai (ui(-, 1)) > lim £(uj) + Vol(M). 

Therefore, 

(4.4) lim/ / (l + |VM 4 | 2 ) Q ^ 1 |9 4 u l | 2 dwdi = 0. 
l ^°°Jo 7m 

Let u be the weak limit of Ui in W 1 ' 2 (M x [0,1]) (by taking a subsequence if 
necessary), which is a weak solution to the harmonic map flow by Theorem 11.21 
(|4.4p implies that u(-,t) is (weak) harmonic map independent of t. Since Ui(x,t) 
converges weakly to u in W l,2 (M x [0, 1]) and the trace operator T : W 1,2 {M x 
[0, 1]) — ► L 2 (M x {0}) is bounded linear operator, Ui = Ui(-, 0) converges weakly to 
«(-, 0) in L 2 . Hence, u — u(-, 0) is a harmonic map. 

Instead of proving the energy identity for Ui directly, we will find another se- 
quence of maps Vi, which is also minimizing in the same homotopy class and satisfies 
some perturbed harmonic map equation (see (|4.7[) below). 

Thanks to (|4.4|) , we may assume by taking subsequence if necessary 



(4.5) 



Consider 



/ / \d t Ui\ 2 dvdt < — . 
J 1/2 Jm 16* 

Ii = jtG [1/2,1]: Jjd tUi (;t)\ 2 dv > ±\ 
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It follows from (1431) that 



\Ii\ < 4, 



where \Ii\ is the Lebesgue measure of U. Since 

oo oo 1 1 

1=1 i=\ 

there exists at least one to S [1/2, 1] such that for all i 

(4.6) / \d tUi (;t )\ 2 dv<±r. 

J M l 

For simplicity, denote Ui(x,to) by Vi and write hi for dtUi(x,to). Hence, v% satisfies 
the equation 

(4.7) Avi + 2(a t - l)(V 2 Vi,Vvi)Vvi{l + |V«i| 2 ) _1 + A{Vv h V«j) = K 

As shown above, Vi converges weakly to u in in W ' . Moreover, by (14.31) and Lemma 
12.11 Vi is also a minimizing sequence of E. With Lemma |4. 11 it is well known that 
there exists finitely many points X\,-" ,Xk such that Vi converges strongly to u 
in W 1 ' 2 away from these points. By the removable singularity theorem, u can be 
extended to a smooth map on M. The proof of (|1.2j) will be given in Section [SJ 

Now, let us prove the second part of the theorem and assume that ^(-/V) is 
trivial. For simplicity, we assume k = 1. Let rj be a smooth cutoff function which 
is 1 for r > 1 and for r < 1/2. For some p > 0, we define a new sequence of maps 
Vi : M — s- N such that Vi is the same as Vi outside B p (xi) and for x € B p {x\) 



Vi(x) = exp u(x) ( r/( — )exp u( 1 x) o^(x)j 



where exp is the exponential map on N. We claim that 

(4-8) ll«i ~ ullw-LW* 

as i — )■ cx3. To see this, it suffices to consider B p {x{) \ B p / 2 {xi) because Vi = u on 
B p / 2 (xi) and f}j = w; outside B p {x\). On the other hand, Lemma [4.11 implies that Vi 
converges to u on B p (x\)\B p / 2 {x{) strongly in W 1 ' 2 and C 3 for some f3 > 0. Hence 
for large «, Vi(B p ( Xl j \B p /2{x\)) lies in a small neighborhood of u(xx), where exp~, ^ 

is a well defined smooth map (if p is small). Since F(y) = exp u r x \ I T](— ) exp - , . y ) 
is a smooth map from a neighborhood of u{x\) into itself, we have 

\\^-Aw^{B p \B p/2 { Xl) ) = \\ F0V i- F0U Ww^{B f \B p/2 { xl )) 

< C \\^- u \\w^i(B p \B p/2 (xi)) ~>° asi ^°°- 

Thus the claim follows. Since ^(-/V) is trivial, Vi is in the same homotopy class 
as Vi. Noticing that Vi is a minimizing sequence of the Dirichlet energy and Vi 
converges weakly to u in W 1 ' 2 , we have 

(4.9) E(u) < lim E{v % ) < lim E(vi), 

i— >oo i— >-oo 

which implies 

S(u) = lim £(uj). 
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Now, Vi converges to u strongly in W 1 ' 2 , which means that there is no energy 
concentration and Lemma 14.11 in turn shows that the convergence is in C" for some 
(3>0. D 

5. An energy identity 

Let m be a sequence of maps from M to N with bounded energy such that 

(1) an e— regularity lemma such as Lemma |4 . 1 1 holds for each m; 

(2) Ui minimizes E within some fixed homotopy class. 

In the previous section, we have constructed a sequence of Vi satisfying (1) and 
(2) by using a— flow. The purpose of this section is to prove that for such a sequence 
Ui, there exists I harmonic maps u>k(k = !,••• , I) from R 2 to N such that 



fim E(u i ) = E(u) + Y j E(uj k ), 



fc=i 



where u is the weak limit of w, in W 1 ' 2 . 



5.1. Review of bubble tree construction. Let us review the bubble tree con- 
struction due to Parker [17]. After taking a subsequence which is still denoted by 
Ui, we can decompose the domain into three parts. For each bubble points Xk, there 
is Ci,k G -W an d £j,fe, K.k > such that 

(1) Ui converges to u on any compact subset of M \ {xk}', 

(2) if we rescale Ui on Bi\. k (c^k) to a ball of radius i, then there is again a weak 
limit ujk (a level 1 bubble) and finitely many bubble points so that the decomposition 
happens again at a higher level. 

(3) A lik = B €ik (c it k) \ Bi\ it k(ci,k) is the neck region. We denote x k by p k and 
uji{oo) by q k . 





(a) bubble tree 



(b) domain decomposition 



Figure 1. An example 



There are finitely many bubbles including the so-called ghost bubbles which are 
constant maps and finitely many necks. For simplicity, we label bubbles and necks 
by only one index. So A^k could be a neck region at any level. Suppose there 
are totally L such necks. An example of buble tree and the decomposition are 



illustrated in Figure Q] The shadow parts in Figure 1(b) stand for the neck regions 
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We will need the following fact, which was proved during the construction of this 
bubble tree structure (see (1.6) in [E]): On a neck region, 



(5.1) 



e(m) = C R < £i/6, 



where E\ is the constant given in Lemma l5.4l To see this, recall that A^ is defined 
to be 

Xi k = largest A such that / e(uj) > Cr 

and Ai t k C B eik (c.i^) \ B\ t k (ci t k)- By choosing S small, R large and a new subse- 
quence if necessary, we may require 



(5.2) 



/. 



e(ui) < si/3 



Bs\B Xi k R 



for i large. 

To prove (|1.2[) , it suffices to show 



V lim / e( Ui ) = 0. 



5.2. An extension lemma. Let p be a point in TV and r be the injectivity radius of 
N. Consider a map / : S 1 — > N whose image lies in B r (p). Dehne / : B2 \ B\ — >• N 

as 



(5.3) 



/>,r) = exp p [(2-r)exp; 1 /W]- 



It is obvious from the definition that f(8, 1) = f($) and f(9, 2) = p. We need to 
compute the energy of /. The chain rule implies 



stoo 



and 

§- e m r) 

Hence, 



^ , (exp p ) (2 _ r)exp - 1 m ■ exp; 1 /(0) < Cd(f(9),p) 
D(exp p ) {2 _ r)exp -r f{0) ■ (2 - r)D(c^) m f(6) < C(2 - r)f'(9). 



E(f) < C 



s 1 J\ 



d(f(6),p) 2 + \(2-r) 2 \f(e)r)rdrd6 



We summarize the computation in a lemma. 

Lemma 5.1. For any e > 0, there exists r\ > depending only on e and N such 
that if f : S 1 — > N satisfies that 

max[d(f(0),p) + \f'(0)\]<T,, 

u 

then the Dirichlet energy of f defined in 115. 3\) on B2 \ B\ is smaller than s. 
Remark 5.2. We also need a similar result for 

/(0,r) =exp p [(r-l)exp- 1 /(#)]• 
The proof is the same as that of Lemma \5.1[ so we omit it. 
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5.3. A reference map. We will construct a map from M to N whose image looks 
like the weak limit and bubbles connected by geodesies. It keeps the record of some 
topological information which will later be used to construct a new minimizing 
sequence. 

Lemma 5.3. There exists some positive constant a depending only on N such that 
if /i , fy are two continuous maps from $7 into N such that 

d(h(x)J 2 (x)) < a 

for all x <E Q and fi\en — f2\dQ> then there exists a homotopy deforming f\ to fi 
with dfl fixed. 

We omit the proof since it is obvious. 

Lemma 5.4. There is a positive constant E\ depending only on N such that any 
W 1 ' 2 fi C° map g : S 2 — > N with E(g) < S\ is homotopic to a constant mapping. 

Proof. Consider the harmonic map flow g(t) starting from g. Since the energy is 
not enough for a bubble (if e\ is small) then we know the flow is smooth for all time 
and converges sequentially and strongly to a harmonic map goo . In [18] , it is proved 
that the energy of such a harmonic map is no less than some constant depending 
only TV unless it is a constant map. By choosing e\ small, we may assume goo is a 
constant map. If t n — > oo is a sequence of time such that g(t n ) converges smoothly 
to goo, we known from Lemma 15.31 that g(t n ) is homotopic to goo for n large. Hence 
g is homotopic to the constant map goo. □ 

The next lemma shows how to squeeze a little room on both ends of a long neck 
region without changing the energy much. 

Lemma 5.5. For i large so that 5 >> XtR, there is a diffeomorphism f from 
B$ \ BxiR to Bs/4 \ B^r such that for any map u : B$\ Bx^ — > N , we have 

5 E(uof-\B s/4 \B iXiR ) S 

1_C( aZR } - E(u,Es\E XiR ) - 1 + C,( A-R } ' 

where C(-r^r) is a constant which goes to zero if -r^ goes to infinity. 

Proof. By conformal invariance of the Dirichlet energy, u can be regarded as a map 
from S 1 x [0, A'] to N, where K = 5/ (XtR). Define / : S 1 x [0, K] -t S 1 x [4, K-4] 
by 

It is straightforward to check 

l - C{K) ~ E(u,S^[0,K]) " 1 + CW ' 

for some C(K) such that C(K) goes to zero if K goes to infinity. Set s : S 1 x 
[0,K}^B s \B XzR tobe 

s(6,p) = (e,\iRe p ). 
Then / : B$\ B\ tR -t B S / 4 \ B iXzR defined by 

/ = so/os" 1 
is the diffeomorphism we need. □ 
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A remark about the notation is needed for the rest of the proof. For simplicity, 
we omit the subscript for necks as if there was only one neck. In fact, one should 
repeat the construction or proof for each neck region. By the nature of the following 
proof, this should cause no further difficulty. We write B$ \ B Xi R for a neck region, 
omitting the center. We assume the neck connects the weak limit and a level 1 
bubble. For a general neck, one should replace u with some bubble map uij. 

We need <5, R and i to satisfy the following conditions. 

(Al) Let e = min{£i,£/L}/8, where £ is a positive number introduced in the 
next subsection and L is the total number of necks. Lemma 15 . 1 1 gives an r\. Choose 
8 and R so that for each neck region B$ \ B Xi R, u restricted to dBg satisfies 

d 



(5.4) max\d(u,p)\ 



Te u 



< min{?7/2, a/2} 



where p is the value of u at the bubble point and w restricted to 8Br C M 2 satisfies 

d 



(5.5) max \d(u>,q)\ + 



dS* 



< min{?7/2,cr/2}, 



where q is lim a; _ > . 00 a;(a;). Fix 6 and R, choose some i so large that 

(A2) (15. 4[) and (|5.5p remains true if we replace u by Ui, u by Ui(Xi-), r\/2 by r] 

and a/2 by a: 

(A3) \ui — u\ < a/3 for x 6 M \ Bs and \ui(Xix) — tu(x)\ < a/3 for all x £ Br 

where a is the constant in Lemma 15.31 

(A4) Let C(-) be the function given in Lemma 15.51 Let i be so large that 

1 + ^(a7h)< 2 - 

Now we define a new map w : M — > N so that 

(1) w = Ui on M \ Bs and B^r] 

(2) w — Ui o / _1 on -B5/4 \ B4\ t R, where / is the diffeomorphism constructed in 
Lemma 15.51 

(3) w(6, r) - cx Pp [^ exp- 1 Ui (e, 6)} for (0, r) e B s \ B s/2 ; 

(4) w{8, r) = w(0, g) for (0, r) e B s/2 \ B s/A ; 

(5) w(9,r)=exp q [^0 R ^exp~ 1 u l (0,X l R)} for (0,r) E B 2XiR \B XiR] 

(6) w(9, r) = w(0, ^^) for (0, r) e B iXzR \ B 2XzR . 

It is easy to see that w is homotopic to Ui. Now let us consider the map w 
restricted to Bg/ 2 \ B 2Xi R. It follows from the construction that w maps dB$/ 2 
to p and dB 2Xi R to q. Hence, topologically it induces a map from S 2 to N if we 
identify dB 2Xi R with the north pole Pn and dB$/ 2 with the south pole Ps- This 
is in fact a homotopically trivial map. To see this, consider a map w\ : R 2 —¥ N 
which agrees with w on Bg/ 2 \ 2XiR and maps B 2Xi R to q and R 2 \ Bg/ 2 to p. By 
the conformal invariance of E, we regard u>\ as a map from S 2 to N. By (Al), (A2) 
(A4) and (|5.2|) , the energy of this map is smaller than e\ in Lemma l5Tl hence it is 
homotopic to a constant map. Let F : S 2 x [0, 1] — »■ N be the homotopy such that 
F(-,0) = wi(-), F(-,l) =p and F(P S ,t) = p for any i e [0,1]. The curve F(P Nl -) 
connects q and p. Let 7 : [0, 1] — t N be the shortest geodesic homotopic to this 
curve connecting q and p. 

We can now define the reference map w. Let w = w except that on B$/ 2 \ B 2Xi R 

Jogr-bg(2A^^ 
W( ^ r) 1[ \og(5/2)~\og(2X l R) ) - 



2:; 





Figure 2. reference map 



G((0,r),s) 



The above construction is illustrated by Figure [2] We claim that w and w are 
nomotopic. Since w and w are the same except on B 2 $ \ B 2 \ i R, we construct the 
homotopy explicitly. For (6, r) e B 5/2 \ B 2XtR , 

' HPn, s r /2-2\ R R ), 2\ l R<r<r(s) 

F((9, (5/2 - 2X t R)^^ + 2\ t R), s), r(s) < r < 5/2, 

where r(s) — 2XiR + s(5/2 — 2\iR). From here, it is obvious that one can further 
deform F(P^,t) to 7. 

If there are more than one neck region, we repeat the above construction for 
each neck. 

5.4. Proof of the energy identity. Let us assume that the energy identity (|1.2|) 
is not true. Then there exists £ > and a subsequence (still denoted by ut) such 
that 

L 



lim y I 

i-HX f— ' J A 



e{u t ) > £,, 



k=i JA -, 



Let w be the reference map constructed above. We will show a contradiction by 
construct a new sequence u, in the same homotopy class such that 

lim E(v,i) < lim E(ui). 

z— >oo i— s-oo 

Define Ui as follows 

(1) Ui = Ui outside the neck region (B$ \ B^r): 

(2) Ui(6,r) =ex Pp [^exp;V(M)] for (9,r) e B s \B s/2 ; 

(3) Ui(9,r) =expJ^^exp- 1 u i (e,A iJ R)] for (0,r) e B 2Aifl \ S AiR ; 

(4) H9 : r)=^ uSjS&S«i )- 

It remains to show first, the energy of u~i in the neck region is smaller than £/2 
for i large and second, Ui is homotopic to w. For the first point, (Al) and Lemma 



15.11 implies that the energy in Bs \ -6,5/2 an d B 2 \ i R \ B\ t R for all necks is no more 
than £/4. Moreover, as % gets larger, then the energy on the geodesic part can be 
made as small as we want since the length of 7 is fixed (See Section 5.3). 

For the second point, if there is only one neck, then M is decomposed into 
three parts; M \ Bg/ 2 , B$/ 2 \ B 2 \ iR and B 2 \ i R. For the reference map w, the 
decomposition is fixed because we chose and fixed a large i in the construction. 
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For Hi, the center of B$ and B\ i R changes with % and so does the radius of B2\ i R. 
However, when restricted to the separating circles dB$/2 and dB2\ t R, w and u% are 
constant maps to the same points. This allows us to prove the homotopy between 
w and Ui on each of the three parts separately. 

On M \ Bg/2, (Al) and (A3) show that d(w,iii) < a, which implies that there 
is a homotopy between them leaving dB$/ 2 fixed. The bubble part B2\ i R of w and 
Ui are homotopic for the same reason. On -B5/2 \ B2\ i R part, they are different 
parametrization of the same curve. This concludes our proof for (|1.2j) in the case 
of only one neck. 

For the general case of multiple necks, the decomposition is more complicated but 
the same argument applies. To illustrate the idea, consider a bubble tree as shown in 



Figure 1(a) The necks are labelled from 1 to 4. The corresponding decomposition 



of M is illustrated in Figure 1(b) The shadow parts are neck regions. There are 
eight circles separating the neck regions and the bubble regions. Both w and Hi 
map these circles to p^s and qi's. The homotopy for bubble regions (including 
M \ (Bg/ 2 (xi) U Bg/ 2 (x2)) follows from Lemma 15.31 and the homotopy for neck 
regions is obvious because they are different parametrization of the same geodesies. 

6. Appendix 

In this appendix, we prove the local existence and uniqueness of the a— flow 
equation 

(6.1) d t u = A M u +(a- i) V I Vm I ' V 2 U + A{u)(Vu, Vu) 

1 + |Vu| 

for any smooth initial value iio : M -> W C I'. 

As in the case of harmonic maps, there is an intrinsic way of writing the right 
hand side of (16. ip . If we regard (1 + |Vu| ) Q-1 Vu as a section of the pull back 
bundle u*TN and denote the induced connection of u*TN by D, the righthand 
side can be written as 

r a (u) :- (1 + |v 1 u|> _ 1 E^ ((1 + IV^r^Ve. 

where {e^} is an orthonormal basis of TM in some open set. In the following, we 
will call r a the a— tension field of u. It is obvious that smooth solution to (|6.1|) is 
equivalent to that of the following 

du 

where we regard u(-,t) as maps into N. This allows us to consider a totally geodesic 
isometric embedding of N into M. k with some non-flat metric as in [S]. Precisely, 
there is a metric h on M. k and an embedding N into K fe such that the isometric 
embedding is totally geodesic and there exists an isometric involution i which acts 
on a tubular neighborhood T of N, leaving points of N fixed. By composing with 
this embedding, we regard u as a map from M into (R fc , h) and denote by t^ and 
r„ the a— tension fields of u as a map into N and into M. k respectively. Since N 
is a totally geodesic submanifold, we have t„(u) = r^ (u) (see page 108 in [9]). 



(6.3) ?£- = A M / + 2(a - 1) tJ _ ,„ ' + T(u)#Vu#Wu. 



(6.4) — = Am + (a - 1) \ ' ' a + f(v)#Vv#Vv. 



(6.5) ^ = Aw + (a-l) ^^ +f(«)#V«#Vt; 
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Therefore, it suffices to study 

(6.2) ^ = A M ^ + (a - i) V i V ^ V / + r»#V U #V M , 

ot 1 + |Vu| 

where u* is the components of u, Am is the usual Laplacian on M and T is 
the Christoffcl symbol of the Levi-Civita connection of (M fe ,/i). Since |Vu| = 
ft / g 7 (u)Vw^ • Vu 7 , when we expand V |Vu| , there is an extra term involving the 
gradient of h{u) which can be absorbed into the last term. The equation can be 
rewritten as 

— = A M u" + 2(a - 1)-^ ■ -. 

dt 1 + |V«|' 

Next, we start a routine iteration procedure to show the local existence of i 
Consider the following linear parabolic system 

du A . AV 2 u,Vv)Vv 

— = Am + (a - 1) ; 

dt l + |Vv| 

Let w = u — uq, then w satisfies 

dw . . , (V 2 w, ViOVu 

— = Aw+ (a-1 ; 

^ l + |Vu| 

+Au + (a - f) 5 — . 

1 + |V^| 2 

For some [i £ (1, 2), set 

V = {v£ C^I\M x [0,T])| \\v\\ c ^ /HMx[0iT]) < 1X0) = O} . 

For each v £ V, the Schauder estimate of linear parabolic systems (see [8] and [19] ) 
implies 

(6-6) IMI cf ,+i,ii±i (Mx[0 T]) < C{\\w\\ CO{Mx[OT]) + |Kllo+i ( M) + !)• 

Since w(-, 0) = 0, we have 

IIHIc°(Mx[0,T]) ^ T( ^ (\\ w \\c°(M x[0,T]) + \\ u llo+i(M) + !)• 

Choose T small so that 

IMIc°(Mx[0,T]) < ^C(II u o|Icm+i(M) + !)' 

By the interpolation of the Holder space, for a > such that /i = (1 — er)(/i + 1), 
we have 

IHIoW 2 (Mx[0,T]) ^ IIHIc°(Mx[0,T]) ll u, ll CM+ i,ii±l (Mx . ■ 

This implies that we can choose T sufficiently small so that w £ V. 

Now start from any vq £ V. Let Vk+i be the solution of (|6.4p with v = v% and 
zero initial value. We then have a uniform bound 

Ik'fcll ,, e+i <C. 

Using Schauder estimate again, we obtain uniform (7 A ' +3 ' - 2 - estimate for Vk- By 
taking a subsequence, we know Vk converges to some w in C J,+1 '~5~(M x [0,T]). 
Then w + uq is a solution to the a— flow with initial value uq. 
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If there are two smooth solutions u and w to the equation (|6.3p defined on [0, T], 
we can subtract the two equations, multiply both sides by u — w and integrate over 
M to get 



— — / \w — u\ dv < |V(u — w)\ dv 

2 at J M J M 



/3 7 



+2(a 1) / (V^-K - w»)) J |2 K " ^)dv 

JM 1 + | Vu| 

+C \u-w\ 2 dv + C \Vu - Vw\ \u - w\ dv. 

JM JM 

For the second term in the right hand side, integrating by parts and noticing that 
\iVi{uP - w p )Vj(ui - u> 7 ) > yields 



l + \Vu\ J 



— j \u — w\ dv < C J \u — w\ dv, 



IM Jm 

which implies u = w on M X [0, T] if u = w for t = 0. It follows immediately from 
the uniqueness and the involution isometry i : T — > T that if uq is a map from M 
to N, the image of the local solution u(x, t) obtained above lies in N. 
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